A generic prediction of the Coleman-Weinberg inflation is the existence of a heavy particle sector whose interactions with the inflaton, the lightest state in this sector, generate the inflaton potential at loop level. For typical interactions the heavy sector may contain stable states whose relic abundance is generated at the end of inflation by the gravity alone. This general feature, and the absence of any particle physics signal of dark matter so far, motivates us to look for new directions in the dark sector physics, including scenarios in which dark matter is super-heavy. In this article we study the possibility that the dark matter is even heavier than the inflaton, its existence follows from the inflaton dynamics, and its abundance today is naturally determined by the weakness of gravitational interaction. This implies that the super-heavy dark matter scenarios can be tested via the measurements of inflationary parameters and/or the CMB isocurvature perturbations and non-Gaussianities. We explicitly work out details of three Coleman-Weinberg inflation scenarios, study the systematics of super-heavy dark matter production in those cases, and compute which parts of the parameter spaces can be probed by the future CMB measurements.
Introduction
Cosmological measurements have shown convincingly that most of the cold matter in the Universe is in a nonbaryonic form [1] . The currently dominating paradigm describes the dark matter (DM) as a relic density of weakly interacting massive particles (WIMPs) [2] . However, the extensive experimental program set up for WIMP detection in the direct and indirect detection experiments as well as in the Large Hadron Collider (LHC) has given negative or inconclusive results so far. While the discovery of WIMPs in next generation experiments is still a viable option, the current experimental status suggests that responsible physicists should begin to seriously consider alternatives to the WIMP paradigm.
Alternative views on the DM have already been developed. The most radical of them suggests that the DM interacts only gravitationally, explaining the negative experimental results. For example, the cold DM could be a manifestation of the gravitational sector itself consisting of massive gravitons of bi-metric gravity [3, 4] -the only known self-consistent, ghost-free extension of General Relativity with massive spin-2 fields [5] .
Somewhat less radically, the DM could consist of gravitationally produced non-thermal relic of supermassive particles -the Super-Heavy Dark Matter (SHDM) [6, 7, 8, 9, 10, 11, 12] . Indeed, the gravitational production of particles during inflation is the only experimentally verified DM production mechanism as the observed Cosmic Microwave Bacground (CMB) fluctuations have exactly the same origin. At the end of inflation a fraction of fluctuations are not stretched beyond the horizon but remain as particles because the inflation slows down. The weakness of gravitational interaction naturally explains the tiny initial abundance of those particles. In order such an abundance to be cosmologically relevant today, those particles must be superheavy. As a result, the SHDM is the most natural candidate of DM, even more natural than the WIMP since the WIMP miracle has no experimental verification yet.
However, the main conceptual problem of the SHDM paradigm has been the lack of any reason supported by experimental data why such a particle must exist. We know the existence of two scales in Nature, the electroweak scale that sets masses of the standard model (SM) particles and the Planck scale that determines the strength of gravity. The existence of particles at the intermediate scale, O(10 12 − 10 14 ) GeV, requires additional assumptions. In the original works [13, 14, 15, 16, 6, 7, 8, 9, 10, 11, 12] as well as in later papers on the same topic [17, 18, 19, 20, 21, 22] the existence of such a superheavy particle was connected to the existence of supersymmetry breaking theories, string inspired models or to Kaluza-Klein theories of extra dimensions. At that time it was commonly believed that naturalness of the electroweak scale guarantees the existence of new physics. Today this point of view has changed. The discovery of the Higgs boson [23, 24] and the lack of any signal of new physics at the LHC and in any other experiment have challenged the previously dominating paradigm of naturalness. In the light of those experimental results, various new theoretical frameworks have been developed to explain the co-existence and the origin of the largely separated mass scales observed in Nature [25, 26, 27, 28] . Those attempts involve, in a way or another, the Bardeen's idea of classical scale invariance of the SM [29] , and the Coleman-Weinberg's idea of looplevel dimensional transmutation [30] .
The aim of this work is to propose that the existence of SHDM may follow from the Coleman-Weinberg inflation. Indeed, in this framework the inflaton potential must have been generated at loop level due to the inflaton couplings to new particles in such a way that the experimentally measured scalar spectral index n s and the tensor-to-scalar ratio r are predicted correctly. This requirement necessarily introduces entirely new particle sector which may consist of new singlet scalars and/or fermions (depending on model building details), and which is very weakly coupled to the SM. Because the inflaton develops a vacuum expectation value (VEV) via dimensional transmutation, it generates the mass scale of the new sector. Being the pseudo-Goldstone boson of classical scale invariance, the inflaton's mass is suppressed by its β-function implying that the inflaton itself is the lightest particle of the sector. The new sector can naturally accommodate stable particles that are viable candidates of the SHDM. For example the lightest fermion of the sector is automatically stable. Similarly, a CP symmetry can act like a Z 2 discrete group that stabilises the lightest CP-odd scalar. Therefore, the generic prediction of the proposed scenario is that the SHDM is heavier than the inflaton.
This approach opens several new perspectives in studies of SHDM. First, it provides a consistent framework for the SHDM model building. Second, it allows for experimental tests of the SHDM models as the measurable inflationary parameters as well as the reheating temperature of the Universe are predicted in terms of few model parameters related to the SHDM. Third, also the CMB isocurvature perturbations and non-Gaussianities that are always accompanied with the SHDM production -and that allow for additional tests of the scenario -are computable. In general, they are predicted to be small due to the heavierthan-inflaton SHDM.
To demonstrate all those points we study in detail three models of Coleman-Weinberg inflation [31, 32, 33] which all predict (n s , r) consistently with the present Planck/BICEP2/Keck Array measurements [1, 34, 35, 36, 37] . We show that all three models are viable candidate models to accommodate the SHDM which can be largely discriminated from each other with precise measurements of (n s , r). At the same time, we show that only one model, the one in which the reheating temperature of the Universe is a free parameter, can generate the isocurvature perturbations at observable level. We hope that this work represents a step towards renewing interest to the SHDM as the viable and experimentally testable candidate of DM. This paper is organised as follows. In Section 2 we discuss model independent features of Coleman-Weinberg inflation and the corresponding phenomenological predictions. In Section 3 we work out details of three models demonstrating explicitly the connection between ColemanWeinberg inflation and SHDM. In Section 4 we study the experimental constraints and the CMB signatures of this scenario. We present our conclusions in Section 5.
Generalised Coleman-Weinberg Inflation
We start with covering the essential features of the Coleman-Weinberg inflation in a model independent fashion. Concrete example models will be worked out in next Section.
The concept of Coleman-Weinberg inflation goes back to the very first papers on inflation [38, 39, 40, 41, 42] . For example, the Coleman-Weinberg inflation has been studied in the context of grand unified theories [43, 44, 45, 46] and in the U (1) B−L extension of the SM [47, 48] . In those models the dynamics leading to dimensional transmutation is assumed to be new gauge interaction beyond the SM. However, the dimensional transmutation occurs most simply via running of scalar quartic coupling λ(µ)φ 4 due to its coupling to another scalar field [49, 27] , generating a non-trivial inflaton potential as demonstrated in Ref. [31] . The Coleman-Weinberg inflation in the presence of a nonminimal coupling to gravity, ξ, has previously been studied by several authors [50, 51, 52, 53] . Alternatively, in [32, 54, 55, 56] also the Planck scale is dynamically generated via the inflaton vacuum expectation value and its non-minimal coupling to gravity. Coleman-Weinberg inflation models without any explicit mass scale have been presented in [33] .
All such constructions, however, share the same idea of the tree-level quartic inflaton potential
in the Jordan frame and loop-level dimensional transmutation. Therefore we group them under a common label of Generalised Coleman-Weinberg (GCW) inflation. 1 The most general Lagrangian for the GCW inflation is given by
where
contains the Einstein-Hilbert Lagrangian term and a nonminimal coupling, ξ φ , between the inflaton φ and the Ricci scalar R,
is the inflaton Lagrangian, L J σ,ψ,Aµ is the extra matter Lagrangian that induces the one-loop corrections to V J (φ), and Λ is a cosmological constant term. All the possible realisations of GCW inflation share two phenomenological constraints. First of all, eq. (2) should reproduce the observed gravitational coupling, i.e.,
whereM P is the reduced Plank mass. Secondly, in order to avoid problems related to the eternal inflation [59] , we must assume that
where V (φ) eff is the one-loop effective potential of inflation including the contribution from the cosmological constant Λ. The GCW inflation requires that the inflaton develops a dynamical VEV different from zero. It can be easily shown in a model-independent way that this is possible when the following condition is satisfied,
where β λ φ is the β-function of the running quartic inflaton self-coupling λ φ , defined as β λ φ = dλ φ /d(ln µ) (µ is the renormalisation scale). Therefore eq. (6) becomes a boundary condition on the solution of the RGEs. As shown in [32] , eq. (6) allows only two types of solutions,
or
The two configurations imply different physics, as we discuss in the following.
In the minimal models [31, 32, 33 ] the generation of Coleman-Weinberg potential for the inflaton φ requires at the least the presence of one extra scalar σ. In the rest of this Section we assume such a configuration. The extension to a larger number of similar fields -which may be needed to accommodate SHDM -is straightforward. According to which model setup we choose, the solution of eq. (5) requires the tuning of one extra parameter. The configuration of eq. (7) requires fine-tuning of the cosmological constant parameter Λ so that
Alternatively, the configuration of eq. (8) requires also the presence of an extra fermion ψ and the fine-tuning of y φ , its Yukawa coupling to φ, given by the solution of β λ φ (v φ ) = 0. This last configuration automatically implies a vanishing cosmological constant Λ = 0, since we have to enforce the condition λ φ (v φ ) = 0 to obtain a global minimum. As we do not know the dynamical solution to the cosmological constant problem, at the present stage we are forced to accept the fine-tuning as a solution. Therefore, according to the choice of the configuration, either (7) or (8), we can construct different models and get different inflationary predictions. In order to study the SHDM in different ColemanWeinberg inflation scenarios we choose to work with three of them which have different parametric dependence. precise experiments measuring the spectral index and the tensor-to-scalar ratio should be able to discriminate between those scenarios. We present in Fig. 1 the predictions for the tensor-to-scalar ratio r for N ∈ [50, 60] e-folds of inflation as a function of n s for three generic Coleman-Weinberg scenarios characterised by the following behaviour.
A. We assume minimal coupling of the inflaton φ to gravity, that is ξ φ = 0, and the running of inflaton quartic is dominated by its portal coupling to another scalar σ predicting λ φ (φ) β λ φ ln φ µ . The asymptotic limit of (n s , r) in this model is outside the experimentally favoured region. Reheating in this model requires an additional inflaton coupling to new fermions ψ i . The new fermions can be identified, for example, with the right-handed neutrinos N i . Therefore, the reheating temperature T RH depends on the unspecified Yukawa couplings and is a free parameter of the model. This scenario 2 was studied in [31] and is represented in Fig. 1 by the blue region.
B. We assume no explicit Planck mass, M EH = 0, while the scale of gravity is dynamically generated by the inflaton's non-minimal coupling to gravity, ξ φ = 0. As in the previous case, λ φ (φ) = β λ φ ln φ µ , with running dominated by its portal coupling to another scalar σ, but the predictions for (n s , r) are very different. The asymptotic limit for the latter is the one of linear inflation. In the minimal version of this scenario reheating occurs due to the inflaton decays to the massive SM bosons, h, W ± , Z 0 , via the non-minimal coupling to gravity 3 . Thus in the minimal model T RH is not a free parameter but is determined by such non-minimal coupling. This scenario 4 was studied in [32] and is represented in Fig. 1 by the purple region.
C. We assume that no dimensionful parameters exist in the gravity sector, M EH = 0, Λ = 0, and the vanishing value of the inflaton potential at its minimum is achieved via tuning the dimensionless couplings of the model, implying λ φ (φ)
µ , where the derivative is taken with respect to ln µ. To achieve this, the model must contain at least one new scalar σ and a new fermion ψ. For a constant β λ φ (φ) this construction reproduces the results of quadratic inflation that is one of the asymptotic limits of the scenario. For more general values of β λ φ (φ) this scenario predicts a tensor-to-scalar ratio r that approaches the value for Starobinsky inflation [60] . With just one inflaton field this limit cannot be reached. However, if additional degrees of freedom are added to the model, for example the R 2 term as in [33] , the Starobinsky limit can be achieved. Reheating in this scenario is similar to the one in the scenario B. This scenario 5 was studied in [33] and is represented in Fig. 1 by the red region.
The light green areas in Fig. 1 present the 1, 2σ best fit results to the BICEP2/Keck data [37] . The scenarios A and B are based on the constraint in eq. (7), while the scenario C is based on the constraint in eq. (8) . The grey line represents r = 0.07, which is the average 2σ upper bound from [37] , that we use as a reference value for the later discussion about SHDM. The choice for such value is motivated by the r dependence of the power spectrum amplitude of the isocurvature perturbations caused by SHDM: it 3 This is immediate to check in the Einstein frame, where the inflaton coupling to the SM scalars is always generated from the kinetic term after the conformal transformation from the Jordan frame to the Einstein frame [32, 33] . 4 This scenario and scenario C differ from the other non-minimal CW inflation models [50, 51, 52, 53] . Those models introduce the Planck mass in the Lagrangian by hand, while in this scenario is dynamically generated by the inflaton vev. The models described in [50, 51, 52, 53] represent another configuration of the parameters space, which should not allow for a correct SHDM relic density. They consider an inflaton mass much smaller than 10 13 GeV, therefore the Planck mass suppression and the exponential factor in eq. (13) will make the SHDM relic density irrelevant in these models. Moreover our inflationary results agree with the results of the previous works [54, 55] . As shown in details in [32, 55] , for this class of models, the logarithmic loop correction is moving the attractor from Starobinsky to linear inflation. Finally this scenario differs from scenario C because of the different behaviour of the loop corrections [32, 33] . 5 Many of the arguments of scenario B apply also for scenario C. However the main difference is that, because of the different quantum correction, scenario C is avoiding the linear attractor and it seems it should fall into the Starobinsky one. The requirement of perturbativity of the theory, however, sets an upper bound in the non-minimal coupling to gravity [33] , which implies a lower bound in the tensor-to-scalar ratio r 0.04. increases with increasing r value (see eq. (21) or ref. [18] ). Therefore in order to maximize the effect, we focus on the highest possible r average value, which is 0.07. We can see that each scenario has a region that fits the experimental constraints but, according to the different realisations, different regions of the (n s , r) plane are covered. Depending on the scenario, the SHDM candidates, production and signatures are affected as we study in the following.
Coleman-Weinberg Inflation and SHDM
The common feature of the generalised ColemanWeinberg inflation is the existence of extra matter content that induces quantum corrections to the tree-level inflaton potential. In the minimal models studied in this section [31, 32, 33] this matter content is given by one or more real singlet scalars σ and, when needed, by singlet fermions ψ i . Some of these particles may be stable and play the role of SHDM candidate.
There are two well established mechanisms 6 for superheavy particle production in the early Universe that we could use to generate the primordial SHDM abundance:
• preheating via the inflaton oscillations [62, 63, 64, 65, 66, 67, 68] that is dependent on the coupling of SHDM to the inflaton field;
• gravitational production from the vacuum fluctuations at the end of inflation [6, 7, 8, 11] , that is independent of the coupling of SHDM to the inflaton field.
Because of the Coleman-Weinberg mechanism, the inflaton φ is essentially the pseudo-Goldstone boson of the dynamically broken classical scale invariance. Therefore it is expected to be lighter 7 than σ and ψ by a loop factor O(10 −3 ) [31, 32, 33] . Such a large mass hierarchy comes from the assumption of a minimal matter content, one scalar σ (and also the minimal fermion sector ψ i ), and the minimisation condition (6), where β λ φ contains the scalar portal and Yukawa coupling contributions, which are directly connected to the generation of masses for the extra matter fields. As a consequence of the heavy particle content, for most of the parameter space the minimal models are compatible with the present CMB non-Gaussianity constraints [19, 22, 70] . However, the dark sector may be much more complicated than the minimal scenarios. In the following we will discuss in more detail the SHDM phenomenology scenario per scenario, considering both the above presented production mechanisms. In order to compare the different models, we choose a reference value of the tensor-to-scalar ratio which is shared by all the three models r = 0.07 (see Fig. 1 ).
Inflationary Scenario A
In the case of Coleman-Weinberg the presence of bosonic degrees of freedom is always required by the stability of the effective potential. The minimal realisation of the scenario A contains at least one extra scalar -besides the inflaton -that realises the constraint (7). For r = 0.07 the inflaton mass is m φ ≈ 10 13 GeV [31] . Both the preheating and the gravitational production depend on the reheating temperature T RH and the SHDM-to-inflaton mass ratio m X /m φ , where we use X to denote the SHDM candidate, the heavy boson σ in this particular case. It can be easily checked that in the minimal scenario
where we assumed that λ φX , the portal coupling between φ and X, dominates the beta function of the self-quartic coupling of the inflaton, β λ φ . The measurement of the amplitude of primordial scalar perturbations [1, 36] ,
fixes β λ φ ≈ 10 −13,−15 so that m X /m φ ≈ 10 3−4 . Reheating is achieved via addition of extra fermions ψ i with Yukawa couplings y ij small enough as to not spoil the loop potential of the inflaton. The kinematical requirement m ψi < m φ /2 must be satisfied for at least one of the fermions while others may be heavier. Since m ψ = yv φ , such a case can be realised naturally. This implies an upper bound on the reheating temperature T RH 10 8 GeV, where the exact limit depends on the exact value of the inflaton mass. With the exception of such a bound, the reheating temperature is a free parameter of the model for all practical purposes.
SHDM production via preheating
The combination of the large mass ratio m X /m φ , a small portal λ φX and a low reheating temperature T RH is making the preheating production of scalar X in the minimal model inefficient, resulting in a negligible relic abundance for this SHDM candidate today [67] . Extending the dark sector with more scalars cannot solve the problem because of the requirement of not spoiling the inflaton potential 8 by the addition of new particles: an efficient preheating requires relatively large couplings, which are not compatible with the measurement (11) . Thus the heavy scalars of this model are not viable SHDM candidates. The same applies if instead we consider a fermionic SHDM candidate. We saw in the previous paragraph that the model contains at least one singlet fermion in order to achieve reheating. However, like the Higgs boson in the 8 In [67] this problem was solved by assuming a SUSY mechanism that protects inflaton potential against potentially large quantum corrections. Obviously this is not the case in the minimal model we consider. SM is coupled to mainly lighter fermions but the top, in the same way the inflaton could be coupled to even more additional fermions, which might be SHDM candidates. From [68] we get the estimate for the abundance of fermionic SHDM produced during preheating,
where y X is the Yukawa coupling between the fermion SHDM and the inflaton. The requirement that such a Yukawa coupling does not spoil the inflaton potential implies y 2 X 16π 2 β λ φ ≈ 10 −5,−6 and consequently ρ X /ρ 10 −6,−7 , resulting again in an under-abundance of the SHDM. Therefore, we conclude that in this scenario preheating is not a viable mechanism to produce the cosmologically relevant abundance of the SHDM.
Gravitational production of SHDM
Let us start with the scalar SHDM candidate. The relic density of gravitationally produced SHDM today can be approximated as [11, 71] Ω X (t 0 ) 10
where Ω R 4 × 10 −5 is the radiation density today, T 0 2.3 × 10 −13 GeV is the CMB temperature today and M P 1.22 × 10 19 GeV is the Planck mass. We present in Fig. 2 the required reheating temperature reproducing Ω X = Ω CDM [1] as a function of the SHDM-to-inflaton mass ratio for the scenario A. The grey region is excluded by the constraints arising from the CMB isocurvature measurements (to be presented in detail in Section 4), while the orange region represents an upper bound on the reheating temperature in this particular model. This is a simple kinematical bound derived by assuming that the reheating happens through inflaton decay into a pair of fermions and that their mass is generated only by a Yukawa coupling to the inflaton. We can see that the relic abundance constraint is satisfied for 1.5 m X /m φ 6. This ratio is too low to be realised in the minimal model, but is achievable with a more complicated dark sector because such a mass ratio implies a portal coupling that will not spoil the inflaton potential.
As we discussed in the end of Section 2, we focused our study for r = 0.07. For smaller r values in the BICEP2 allowed region, the inflaton mass changes by a relatively small amount (maximum around 30%) [31] , therefore any change in Fig. 2 will be only minor and impossible to appreciate.
Another possibility is again to consider a richer fermionic sector than the minimal one to achieve reheating (just one singlet fermion). From [11] we can see that in order to get an appreciable contribution to the relic density for T RH ≈ 10 7 GeV and m φ ≈ 2 × 10 13 GeV we need 1 m X /m φ 2 for the fermion SHDM. Such a mass ratio is allowed because it implies a Yukawa coupling small enough not to spoil the inflaton potential.
Inflationary Scenario B
This scenario involves a non-minimal coupling of the inflaton to gravity. Therefore, it is simpler to look at the theory in the Einstein frame [32] . We see that, because of the conformal transformation and the canonical renormalisation of the fields, the inflaton has no portal (or Yukawa) couplings to scalar (fermion) SHDM. Therefore the only available production mechanism of the SHDM is gravitational. Moreover this scenario does not require the presence of any dark fermions since reheating happens via direct decays into the SM boson pairs, hh, ZZ and W W . Therefore the reheating temperature in this scenario is determined by the inflaton's non-minimal coupling to gravity.
Gravitational production of SHDM
In this scenario all the physical parameters in eq. (13) are depending on the value of the non-minimal coupling ξ φ of the inflaton to gravity. To give the model a little bit more flexibility we assume that the scalar σ has a SO(n) internal symmetry broken by some dark physics, so that only the lightest state is the SHDM X. Which such an assumption we can generalise eq. (10) to
We recover the minimal model presented in [32] for n = 1. Then we can use the constraint (9) to rewrite Λ as Figure 3 : SO(n) SHDM-to-inflaton mass ratio m X /m φ as a function of the non-minimal coupling to gravity for different n in the scenario B. The narrow dark green region represents the mass range that fits 100% of the total relic abundance (up to a discrepancy of to two standard devations) [1] , while the light and very light green regions represent respectively the mass range that fits more than 10% and less than 10% of the total relic abundance.
Given the new BICEP2 data [37] , such model is allowed only in the linear limit region, therefore we work in the linear approximation of the Einstein potential, which is [32] 
where we used (15) and φ E is the Einstein frame canonical normalized field value. Solving the inflationary problem, we can use the constraint (11) to fix the normalization of the potential (16) in function of the number of e-folds N getting
Inserting this last equation into eq. (14) we get
For r = 0.07 we get that N 57 and m φ 4.5 × 10
13
GeV. Given a value of ξ φ , we can derive the corresponding T RH [32] and, therefore, following the results of [11] , the corresponding m X /m φ as a function of the produced SHDM abundance. Specifically, we can easily see that in this scenario T RH 6.2 × 10 9 GeV for ξ φ 1 [32] . As the result, we plot in Fig. 3 the ratio m X /m φ a function of the non-minimal coupling ξ φ for different values of n = 1, 10 and 32. The dark green region represents the mass range that fits 100% of the total relic abundance (up to a discrepancy of to two standard devations) [1] , while the light and very light green regions represent respectively the mass range that fits more than 10% and less than 10% of the total relic abundance. We see that in order to produce a cosmologically relevant abundance of the SHDM (more than 10%) one must have ξ φ ∼ O(10 2−3 ) depending on the number of bosonic degrees of freedom.
Inflationary Scenario C
Again, it is appropriate to look at this theory in the Einstein frame [33] . Because of the conformal transformation and the canonical normalisation of fields the inflaton has no portal (or Yukawa) couplings to the scalar (fermion) candidates of the SHDM. Therefore, the only viable production mechanism of the SHDM is gravitational.
Gravitational production
The minimal model of the scenario C [33] requires at least the presence of a scalar σ and a fermion ψ. In this case the reheating temperature is dominated by decays into SM particles [33] , giving T RH ≈ 10 7 GeV, which is numerically in the same range as in the Scenario A. Moreover, also the inflaton mass range is similar, m φ ≈ 10
13
GeV. Therefore the prediction for the SHDM mass is essentially the same as in the Scenario A. Because of the large ratios m σ /m φ , m ψ /m φ ≈ 10 3 [33] , the gravitational production in the minimal model is not efficient. However, focussing on the fermion sector, hierarchical Yukawa couplings can easily provide heavy fermions in the appropriate range for the SHDM. Supposing that the heaviest dark fermion gives the dominant contribution in the solution of eq. (8), while the lightest is the SHDM that gives the main contribution to the relic density, we get a mass ratio of the same order of the tau-electron mass ratio m τ /m e in the SM. Such a fact may be not a simple coincidence but it could suggest some inner property of the Nature still not yet understood.
CMB and Indirect Probes of the SHDM
The main conclusion of the previous sections is that the gravitationally produced SHDM may be naturally related to the Coleman-Weinberg inflation. No matter of its nature (scalar or fermion), if this is the correct realisation of the dark sector, we cannot certainly detect any SHDM signal via collider or direct detection experiments. However we can still look for indirect probes of the SHDM like non-Gaussianities in the CMB, isocurvature perturbations or signatures in ultra-high energy cosmic rays. The discussion about the ultra-high energy cosmic rays is given in a detailed way in [22, 72] . In the following we just give a naive discussion of the isocurvature perturbations and non-Gaussianities and their dependence on the SHDM mass m X . We focus on the scalar case just for simplicity since our scenarios are allowed only for SHDM heavier than the inflaton and non-Gaussianities induced by such a type of fermion SHDM are not properly discussed in the literature yet.
Local non-Gaussianities in the CMB spectrum due to the heavy particles X are parametrised by the effective parameter f local N L , which can be estimated to be [18] 
Here
where A s is given by eq. (11), and A δX is the power spectrum amplitude of the isocurvature perturbations caused by X, [75] .
At the same time the Planck Collaboration is providing constraints directly on the isocurvature parameter α < 0.0019 [1] . Since f local N L and α are related via eq. (19) , one can easily check that the constraint on α is presently more restrictive than the ones coming from the f N L bounds. As a result, we find that the bound on the isocurvature parameter α can constrain only the low reheating temperature and low m X /m φ corner of the parameter space of the gravitationally produced SHDM. For the scenario A this bound is presented in Fig. 2 with the grey area. Since the scenario A is the only one in which T RH is a free parameter, this is the only studied SHDM scenario which is actually constrained by the CMB isocurvature data. For the remaining scenarios this bound is completely irrelevant.
Moving to smaller r values, the results remain essentially unaffected. A similar argument of the one of scenario A holds also for scenario C, therefore changing r to smaller values will only slightly change the predicted regions [31, 33] . The most affected region would be the excluded one by constraints on the isocurvature parameter, which will become even smaller (see eqs. (20) (21) ).
To summarise our findings, we present in Fig. 4 the regions in the (m φ , m X /m φ ) parameter space for which cosmologically relevant SHDM abundance can be generated via the gravitational production mechanism. The blue/purple/red regions represent the scenarios A/B/C, respectively. The dark coloured areas represent Ω X = Ω CDM ± 2σ(Ω CDM ) [1] while the light coloured areas represent Ω X > 0.1Ω CDM . The inflaton mass range is given by the choice r = 0.07. The results for the scenario A are given for two reference values of the reheating temperature, T RH = 5 × 10 5 GeV and T RH = 5 × 10 7 GeV. The grey region is the excluded region from the constraints on the isocurvature parameter α. One can see that for low reheating temperatures the scenario A could potentially be testable with more precise CMB isocurvature measurements. However, in the scenarios B and C the reheating temperature is fixed by the inflaton non-minimal coupling to gravity so that there is no freedom to choose values of T RH . Those scenarios predict too large m X /m φ to be tested by the CMB measurements. Of course, we stress that the results in Fig. 4 apply to the most minimal scenarios studied in this work. Generalising those models with extended particle content would allow one to construct models that predict isocurvature perturbations within detectable range.
Conclusions and Outlook
We have argued that the framework of ColemanWeinberg inflation naturally motivates the existence of SHDM. Those models introduce new heavy particle sector which generates the inflaton potential at loop level in agreement with the recent Planck/BICEP2/Keck results [1, 34, 35, 36, 37] and may contain heavier-thaninflaton SHDM. The new sector is very weakly coupled to the SM explaining the coexistence of two vastly separate scales consistently with the Physical Naturalness principle [25, 26, 27, 28] .
To exemplify those general arguments we studied in details three different Coleman-Weinberg models of inflation [31, 32, 33] which are different by construction and by particle content and whose predictions cover different regions in the (n s , r) plane. For every model we considered both heavy fermions and scalars as the possible candidates for the SHDM. We analysed both preheating and gravitational production mechanisms of the SHDM, discovering that preheating is never efficient enough to produce the entire DM abundance, leaving the gravitational production as the only viable mechanism. In all models, the requirement of producing the observed relic abundance fixes the SHDM mass to be approximately in the range between 1 and 10 inflaton masses, while the exact SHDM mass depends on the model dependent parameter values. At the same time, the requirement of generating observable CMB isocurvature perturbations sets an upper bound on the SHDM mass that is approximately 4 inflaton masses.
Our results show that in two out of the three models those two requirements are in conflict with each other, see Fig. 4 , leaving only one studied model (scenario A) that can predict isocurvature perturbations in the potentially observable range. The physical reason for such an outcome is that the first two models are so constrained that the reheating temperature of the Universe is predicted in terms of other model parameters, rendering to small isocurvature effects. Consequently, in more general models we expect more observable effects than in the minimal ones. On the other hand, the most minimal model is presented by scenario B, in which we can make do with just one extra particle besides inflation, the new scalar σ which generates the Coleman-Weinberg potential for the inflaton and plays the role of DM.
We would like to finish with a positive note. Although the searches for WIMPs in direct and indirect detection experiments and at colliders may fail, the alternative DM scenarios like the one presented in this work may provide new ways of experimental tests of the DM of the Universe. The expected improvement of the measurement precision of the tensor-to-scalar ratio r, the CMS isocurvature perturbations and the non-Gaussianity parameters, or the eventual detection of spectral features in the ultra highenergy cosmic rays or a marked anisotropic flux beyond 10 20 eV (see [72] ), may confirm the existence of SHDM in the context of Coleman-Weinberg inflationary scenarios. If this will be the case, our present rough numerical estimates must be refined in terms of concrete models favoured by those experimental results.
